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Reduced-Dimensionality Geometric Approach
to Fault Identification in Stochastic Structural Systems
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An information-based reduced-dimensionality formulation of the recently introduced geometric approach to
fault identification in stochastic structural systems is presented. The feature vector, which conveys the system
information used in fault identification and is a key element of the general geometric approach, is transformed
into a suitable coordinate system, within which information compression may be best achieved. Dimensionality
selection is subsequently based on bounding of the information loss, expressed in terms of logarithmic entropy,
below a certain threshold. The information-based reduced-dimensionality formulation thus presents a formal and
systematic procedure for the proper selection of a minimal dimensionality feature vector and leads to substantial
simplification and potentially improved fault identification. Its application to fault identification in a laboratory-
scale beam and a planar truss structure demonstrates high effectiveness and performance characteristics essentially
equivalent to those of the full-dimensionality formulation.

Nomenclature
F! = fault of magnitude o within the ith fault mode
g'(0x) =0 =-equation of the ith fault mode hyperplane
Hy(s) = entropy function associated with the vector s
Hgp(sy,s) =ratio of entropy functions of the vectors s, and s
M = dimension of s, (M < N)
N = dimension of the original feature vector
N = number of fault modes
P, = transformed feature vector covariance (N x N)
P, =reduced transformed feature vector covariance
(M x M)
Py = feature vector covariance (N x N)
p = number of faults per fault mode considered
during training
= transformed feature vector (N x 1)
Sy =reduced transformed feature vector (M x 1)
T = feature vector transformation matrix (M x N)
6 = feature vector composed of the model
parameters (N x 1)
Ok = vector of the first- or second-order moments
of sy (o x 1)
7y = transformed feature vector mean (N x 1)
[ =reduced transformed feature vector mean (M x 1)
Lo = feature vector mean (N x 1)
Superscripts

i = ith fault mode
i = jth fault within the ith fault mode

u = unclassified current fault

I. Introduction

AULT detection and identification in structural systems, such
as aerospace and mechanical structures, buildings, bridges, and
offshore platforms, is of paramount importance for reasons asso-
ciated with safety and proper maintenance. Techniques aiming at
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nondestructivedetectionand identification of structural faults, based
on the study of behavioral discrepancies between the nominal (un-
failed) and failed systems, thus have received considerableattention
in recent years.!

A large category of structural faultidentification methodsis based
on the evaluationof changesincurredin the system’s structural stiff-
ness matrix,® usually under the constant mass matrix assumption.
These methods may use static test data,” dynamic test data,' 8-? or
combinationsof the two.* The main ideais in the use of the test data
to formulate an optimization problem through which the changes
of the structural stiffness matrix from its nominal (unfailed) value
(often determined from a finite element model of the structure) are
computed. The methods achieve simultaneous fault detection and
identification based on the determination of the changed stiffness
matrix elements.

An alternative category of methods is based on the evaluation of
changesincurredin the structural system’s modal parameters*-10-11
The basic idea is the comparison of the modal parameters of the
nominal system to those of the failed system and the detection and
identification of faults through observation of the incurred change
patterns.

Both categories of methods, nevertheless, are characterized by a
number of drawbacks and limitations: Static testing may be a prob-
lem with certain structures, whereas complete eigenmode informa-
tion (required in the dynamic test case) is difficult to obtain and
requires elaborate testing procedures. The determination of eigen-
mode informationadditionallyrequirescumbersome numerical pro-
ceduresforthe solutionof nonlinearequationsand in any case, high-
frequency eigenmodes are difficult to obtain but their omission may
seriously affect effectiveness. Estimation of a complete structural
model, which may be of considerably high dimensionality, is also
necessary, and this leads to a large nonlinear optimization problem.
In addition, stochastic noise effects are not always accounted for,
an omission that may lead to further difficulties.” The fact that the
eigenmode estimates are themselves stochastic quantities with in-
herent variability is not taken into account either, with the result
being lack of sufficient certainty that an observed change in any
given parameter is due to a fault and not to the inherent variability
of the test data.!!

In addition, the first category of methods may lead to problematic
faultlocalization,as a particular stiffness matrix element may admit
contributions from several structural components sharing the same
node. The second category, on the other hand, relaxes the require-
ment for stiffness matrix determination, but properly identifying
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faults from mode shape pattern changes may not always be possi-
ble.

In a recent paper by the authors,'? a novel geometric approach to
the nondestructiveidentification of faultsin stochasticstructuralsys-
tems was introduced. This approachis distinctly different from pre-
vious schemes, making use of reduced-order and partial stochastic
structural models, a properly selected feature vector, a correspond-
ing feature space equipped with a proper metric, and the notion
of fault mode as the union of faults of all possible magnitudes but
of common cause. (All fault modes of interest should be properly
defined in order to be amenable to identification.)

The geometric approach is based on the fact that fault-induced
changes in the structural system’s properties affect the selected
model parameters, and, through them, the feature vector statisti-
cal characteristics. Within the selected feature space, all individ-
ual (fixed-magnitude) faults assume a pointwise representation,
whereas each fault mode is represented as a proper subspace. Ap-
proximate representations of these subspaces are preconstructedin
atrainingstage. Once a system fault is detected on the basis of oper-
ating data, an interval estimate of the current feature vector, defining
its pointrepresentationin the feature space, is obtained. Faultidenti-
ficationthenis accomplishedby determiningthe specific fault mode
subspace within which the current fault point lies.

The geometric fault identification approach overcomes many of
the limitations of the previous structural faultidentification schemes
becauseit accounts for stochasticeffects and the inherent variability
of test data, requires a minimal number of measurement locations,
is capable of operating on any type (acceleration, velocity, or dis-
placement) of vibration test data, requires only partial [even single
input/single output (SISO)] and reduced-order models, and elim-
inates the difficulties associated with stiffness matrix- or modal-
parameter-based procedures. In addition, it is very general and po-
tentially capable of identifying faults within any type of linear or
nonlinear structural system.

In the present paper, an information-based reduced-dimen-
sionality formulation of the geometric fault identification approach
is introduced. In contrast to the original formulation, in which the
feature vector is selected arbitrarily to consist of the estimated
model parameters, the present formulation uses an information-
based framework for feature vector, and thus feature space, transfor-
mation and reduction. The feature vector thus is transformedinto a
suitable coordinate system, within which information compression,
and hence feature vector reduction, may be best achieved. Feature
vector dimensionality selection is then based on bounding of the
information loss, expressed in terms of logarithmic entropy, below
a certain threshold.

The information-based reduced-dimensionalty geometric fault
identification approachtherefore offers a formal and systematic pro-
cedure for the proper selection of a minimal-dimensionality feature
vector, and achieves two important goals: 1) substantial simplifica-
tion of the fault identification procedure by way of reduced feature
spacedimensionalityand 2) potentiallyimproved faultidentification
performance over arbitrarily truncated feature vectors.

The rest of this paper is organized as follows: A brief overview
of the main ideas pertaining to the geometric fault identification
approach is presented in Sec. II. The information-based reduced-
dimensionality formulation is presented in Sec. III, and its ap-
plication to fault identification in a laboratory-scale, simply sup-
ported beam and a finite element model of a planar truss structure
is discussed in Sec. IV. Finally, the conclusions are summarized in
Sec. V.

II. Overview of the Main Ideas

The geometric fault identification approach is based on vibration
test data, typically force excitation along with the resulting vibra-
tion displacement, velocity, or acceleration, measured at selected
locations on the structure. It consists of the following elements: 1) a
partial (even SISO) and reduced-ordermathematical system model,
2) a properly selected feature vector, 3) a feature space equipped
with a proper metric, and 4) the notion of fault mode and its geo-
metrical representation.

The mathematical system model is of the discrete-time stochas-
tic dynamical type and provides a partial and reduced-orderrepre-

sentation of the actual structure. These features are very important
because a complete system model may be not only difficult to con-
struct but also difficult or impractical to use. The model typically
is obtained through identification techniques using vibration test
data. 1314

The feature vector @ € RY consists of selected model parameters
thatconvey systeminformation.The feature spaceis a space spanned
by the first- and, potentially, second-order moments of the feature
vector, collected into the vector 8 € R”. The feature space also is
equipped with a proper metric.

The notionof fault mode refers to the union of faults of all possible
magnitudes (severities) but common cause. Within this context a
particular fault from fault mode i and of magnitudea is represented
as F!, with the ith faultmode thus definedas F' ={F/ | a € AC R}
in the one-dimensional fault magnitude case.

Within the selected feature space, allindividual (fixed-magnitude)
faults admit a pointwise representation. A fault mode, being a con-
tinuum of variable-magnitude faults, admits, on the other hand, a
subspace representation. The dimensionality of this subspace de-
pends on the dimensionality of the fault magnitude, the accurate
definition of which may or may not be possible.

The system models used in this work are of the autoregressive
moving average with exogenous input (ARMAX/ARX) type.!3:14
The feature vector 6 consists of selected autoregressive,exogenous,
and moving average parameters (see Sec. IV), whereas the vector
O defining the feature space may include the mean values and
covariances of the feature vector elements. The metric defined on
the feature space may be of either the Euclidean or Kullback type.!?
An example of a fault F/ (of magnitudea) may be the weakening of
the elasticity characteristicsof a structuralelement or joint (element
or joint 7). It is clear that an infinite number of faults (each one
corresponding to a specific magnitude) is generally possible, with
their union defining a particular fault mode F'.

The operational stages of the geometric fault identification ap-
proach are as follows:

1) In an initial training stage, and with the aid of identification
techniques and measurements obtained from a detailed simulation
(often finite element) model of the structure, a partial and reduced-
order nominal system model is obtained. Based on this, a proper
feature vector and the corresponding feature metric space are se-
lected. Approximate geometric representations of the various fault
mode subspacesare constructed by using training data (obtained by
injecting faults of various magnitudes into the simulation model)
and appropriate regression techniques.!’

2) Once the presence of a system fault is detected on the basis of
periodicallyobtained system (experimental) data and statistical fault
detection schemes,'? an interval (mean and covariance) estimate of
the current feature vector, defining a point that represents the current
(unknown) fault in the feature space, is computed.

3) Finally, the fault identification problem is viewed as the prob-
lem of determining the specific fault mode subspace within which
the incurred fault lies.

Note that, because of estimation and modeling inaccuracies, the
point representing the current fault may not strictly belong to its
proper subspace, but to the latter’s immediate vicinity. To account
for this, the faultidentification problemis formulated as a geometric
minimal distance one, according to which the current fault is asso-
ciated with the fault mode with the subspace of which its distance
(computed via a constrained optimization scheme) is minimal.

III. Information-Based Reduced-Dimensionality
Geometric Approach

The reduced-dimensionality geometric fault identification ap-
proach is developed by using an information-based formalism that
allows for the effective treatment of two main issues: 1) feature
vector transformationinto a coordinate system within which infor-
mation compression,and thus feature vector reduction, may be best
achieved; and 2) feature vector dimensionality selection.

A. Feature Vector Transformation and Reduction
Let the feature vector 8 € R”, composed of selected model pa-
rameters, be characterized by mean gy and covariance Pg. Also let
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P € R¥ *V indicate an arbitrary (symmetric and positive-definite)
covariance matrix. P may be decomposed as

P=U-A-UT (1)

where
A =diag(hy, Ao, ..., Ay) € RVN )
U=1[u u, uy] e RV*¥ 3)
with diag(., ., ..., .) designatinga diagonal matrix composed of the
indicated elements, A;(>0) (i =1, 2, ..., N) the ith eigenvalue of

P, and u; the corresponding normalized eigenvector. The eigen-
vectors are thus orthonormal, satisfying the relationu/ - u; =3§;;,
with §;; denoting the Kronecker delta (§;; =0 for i # j, §; =1).
The normalized eigenvector matrix U therefore satisfies the rela-
tion U - UT = Iy (Iy denoting the N-dimensionalidentity matrix).
In view of this, A may be expressed as

A=UT.-P.U 4)

The feature vector € then may be analyzed in terms of the or-

thonormal vectors {u, u-, . .., uy}, which constitute a basis in RN,
as

S

N
0=ZSjllj =[ll1

j=1

uyl| : [=U-s 5)
SN

withs € RY denoting the transformed [in the {u;, u,, ..., uy} coor-
dinate system] feature vector. Premultiplying Eq. (5) by U7 yields
the following expression for the transformed feature vector:

s=U"-0&s;=u; -0 (G=12,...,N) (6

from which its mean and covariance are obtained as

p,=U" - g, Cov[s]2 P, =UT -Cov[8]-U  (7)

Feature vector reduction to dimensionality M(<N) may be
achievedin the {u,, u,, . .., uy} coordinate system as follows: Let
{uy,u,, ..., uy} denote the eigenvectors that correspond to the
largest M variances Var[s;] (j =1,2,..., N). Expression (5) then
may be rewritten as

Sm
UN—M]' (8)

SN -M

M N
0=Zsjuj+ Z siu; = [UM

j=1 j=M+1

with Uy € RY M Uy _y € RY* V=M denotingthe indicated par-
titions (submatrices) of U, and sy € RY, sy _y € RY =¥ the indi-
cated partitions (subvectors) of s.

Keeping only the first M coordinates {u1, u,, ..., uy} in expres-
sion (8), one has

M
0= su;+e ©

j=1

with € indicating the error vector due to coordinate-system re-
duction.

PremultiplyingEq. (8) by U, and using the eigenvectororthonor-
mality property, the reduced transformed feature vector is obtained
as

sM=U1§~0:>sM=T~0 (10)

with T=Ul € RY >N representing the transformation matrix.
Hence

s, =T - g, Covlsy]& P, =T -Cov[f]-T" (11)

Remark. Note that for P equal to the covariance Py of the
feature vector 6, Eq. (5) represents the latter’s Karhunen-Logve

expansion.!® In that case, because of property (4), the covariance
matrix (7) of the transformed feature vector s becomes

Cov[s]=UT -Cov[0] - U = A (12)

This indicates that the Karhunen-Loeve expansiondiagonalizesthe
feature vector covariance matrix or, in other words, transforms the
feature vector 6 into a vector with mutually uncorrelated compo-
nents. It is known'® that the Karhunen-Logve expansion leads to
optimal, in the sense of minimum mean square error E{e” €} [see
Eq. (9)], information compression and thus to optimal feature vec-
tor reduction for any selected dimensionality. Furthermore, because

the variances Var[s;] are, in this case,equaltoA; (j =1, 2,..., N),
the coordinates {u;, u,, ..., uy} are those associated with the M
largest eigenvalues of Py. O

Within the context of the reduced-dimensionalty geometric ap-
proach, a transformation matrix 7 € R * " obtained from a single
covariance matrix P needs to be used for transforming the feature
vector. Two possibilities are considered.

1) P = Py, with Pge representing the feature vector covariance
for the nominal (unfailed) system, or

2) P = Py, with Pew representing an average feature covariance
matrix obtained during the training stage.

Denotingas 0 the feature vector obtained from data correspond-
ing to the jth fault (j =1, 2, ..., p) from within the ith fault mode
(i=1,2,..., Nr), an average feature covariance matrix may be
obtained as

N, p
1 Fo P

Pr =~ > > p, (13)

i=1j=1

B. Feature Vector Dimensionality Selection

The selection of the dimensionality M of the transformed feature
vectors,, is based on the assessmentof the informationconveyedby
each one of its components, that is, the information conveyedalong
each axis of the coordinate system. Toward this end, the logarithmic
entropy function!” of the transformed feature vectors € R”, defined
as

N
Hg(s)= = v;log, v, (14)

j=1

with v; defined as

N
v; 2 Var[s; ] Z Varl(s]

=1

(j=1,2,....,N) (15

is used as a measure of the information conveyed by s. Evidently,
Hpg (s) represents a decomposition of the information along each
axis of the coordinate system {u, u,, ..., uy}.

The loss of information caused by truncating the transformed
feature vector to dimension M (M < N) then may be quantified
by the difference between the logarithmic entropy of the original
N-dimensional vector s and that of its M-dimensional truncated
counterpart §,,. The smaller is the difference, the smaller is the
loss of information, and thus the incurred approximation error. The
truncation dimension M then may be selected on the basis of the
quantity

M
Hr(sy.s) 2 Hp(sm) 2 vjlogv;

r(Su,8) = =
Hg(s) Z;V:l v; log, v;

€ (0,1] (16)

which represents the fraction of the information maintained in the
truncatedvectors . Indeed, selectingan appropriatethreshold value
8 (generallyclose to unity), M may be selected as the minimum trun-
cation dimension for which the information maintained is greater
than §; that is,

2.0 vjlog,v;
Y vilog, v
a7

M =min{ue[1,N]|8 < Hp(s,,s) =
m
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Because this study deals with feature vectors corresponding to
the nominal (unfailed) system as well as to the system in various
fault modes (with various fault magnitudesin each case), M may be
selected as the maximum of the minimally required, in each case,
truncation dimensions; that is,

M = mlax{M,} = mlax{ min{ul e[l,N]|6 < I-NIR(sw,s)
i

2%

.~ v;log, v;
z#” (=12...p Ny (8)
Zj:lvlegZVj

with p representing the number of faults per fault mode used in the
training stage and Ny the total number of fault modes considered.

C. Fault Identification Approach
The faultidentification approach consists of the following stages:
Stage 1: Feature space selection and fault mode subspace con-

struction (training stage, simulated data). Based on data obtained

from a detailed simulation model, the structure and interval param-
eter estimates of a partial and reduced-ordersystem model are ob-
tained through suitable identification techniques.!* * Let @ denote
the original N-dimensional feature vector composed of selected
model parameters and characterized by mean py and covariance

Py.

Additional experiments, in which p faults of various magnitudes
are for each one of the Ny fault modes injected into the detailed
simulation model, are performed, and the corresponding interval
estimates of 8"/ computed [i; refers to the jthfault (j=1,..., p)
within the ith fault mode (i =1, ..., Ng)].

The feature vector estimates subsequently are transformed ac-
cording to expressions (6) and (7), to produce the vectors s’ along
with their associated covariances Pj; . The reduced feature vector
dimensionality M is selected according to Eq. (18), and the interval
estimate of the reduced feature vector s;\’l is determined by using
Egs. (11).

A p-dimensional stochastic feature space then is defined as the
space spanned by the first and, potentially, the diagonal elements
(variances) of the second-order moments of the reduced feature
vectors,, . Let these selected quantities compose the p-dimensional
vector Og.

The fault mode subspacerepresentationsare constructed by using
linear (p — 1)-dimensional hyperplane approximations. The math-
ematical form of the ith fault mode hyperplane is

8'(0x) = Ox, + 0k, + -+ 0, 0k

i
, —w, =0

= (@) —wl =0k +0;-w =0 (19)

with ! denoting the hyperplane’s /th coefficient, and

WA W - wf;]T» A o wfg_l]T
(20
A T =~ A T
0x =0k, Ok, Ox,] . Ox =[0k, -+ Ok,—1]
21

Given the ith (i= 1,..., Ng) fault mode estimates B[IQ (=
1,..., p)with p > p, the correspondinghyperplane representation

is estimated through linear regression'> based on the model
ij AN i ;
Ok, + (0x) ' = e (l<j=p @

with €'/ denoting the jth regression error. The estimator is of the
form

i S G - i\ pi
e [CARC R CHIA @3)
with

(:)LKz[éLIé é;’; él[g]T c Rpxp (24)

and

0k, =08, 6%, or) e R 25)

Stage 2: Current feature vector estimation (experimental data).
Once a fault is detected (see Ref. 12 for fault detection) based on
periodically obtained system (operating) data, an interval estimate
of the current (unknown fault) feature vector 8" is obtained and
transformed accordingto Eq. (10) into s, from which 0‘;( is formed
[Egs. (11)].

Stage 3: Distance computations and fault identification (experi-
mental data). Appropriate distances between the current (unknown
fault) point 6% and each fault mode hyperplane are subsequently
computed. The distance between 6% and the ith mode hyperplane
is obtained by optimizing the Lagrangian

L(Ok,y)=D(0k,0%) +2y -8 k) (26)

with respect to @ and y. In this expression, 2y represents the
Lagrange multiplier, g' (@) the ith mode hyperplane defined by
Eq. (19), and D(.,.) an appropriate distance function (metric) of
the form

D(0x.0%) 2|0k — 05| 2 (0 —0%)" (65— 0%) @D

The form of O depends on the metric space selected. In the
deterministic metric space case, O ES MKy,,, implying that only the
mean of the truncated feature vectoris used. In the stochastic metric
space case, Ox = [p!,. (col diag P, )"]", implying that both the
mean and the diagonal elements of the truncated feature vector co-
variance are used (col diag P denotes the vector consisting of the
diagonal elements of the square matrix P).

The differentiationof the Lagrangian L(6x, y) [with D (0, 6%)
defined by Eq. (27)] with respect to 8¢ and y leads to the (p + 1)

linear equations
I o [0 04
S [ K] —|7x 28)
@’ 0 14 w,

with I representing the p x p identity matrix. These equations
uniquely determine the projection @ of 6% on the ith fault mode
hyperplane and the corresponding y. The distance between 8% and
the hyperplane is computed by substituting the obtained @ back
into Eq. (27).

The current fault finally is identified as belonging to the i*th fault
mode if its distance from that mode’s hyperplane is minimal; that
is,

i* =index_min { min D(6x,6%)] 29)

ie[lLNr] Log e G

with G' £ {0 | g'(@x)=0}andi=1,2,..., Np. A measure of
the fault magnitude may be obtainedas D'/?(6%, %), with 8% des-
ignating the vector corresponding to the nominal (unfailed) system.

IV. Fault Identification Test Cases

The performance characteristics of the information-based
reduced-dimensionality geometric approach are examined in con-
nection with fault identification in two structural systemslzz 1)a
laboratory-scale beam and 2) a finite element model of a planar
truss structure.

A. Fault Identification in a Simply Supported Beam
1. Experimental Setup and Preliminary Procedures
The beam (Fig. 1) is based on four rigid supports, dividing it
into three spans, as well as on two additional flexible supports: one
stationary,referred to as an auxiliary spring,and one movable that is
at the midpoint of the central span in the nominal (unfailed) system
case and is referred to simply as a spring. The considered faults
correspond to deviations of the beam local stiffness characteristics
(local changes in the modulus of elasticity) realized by transporting
the movable support (spring) to any desired location in any span.
The objectiveof the experimentsis fault identification, thatis, the
determination of the span in which a particular fault occurs, based
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computer

Fig. 1 Schematic diagram of simply supported beam experimental
setup.12

on vibration test data obtained from a single pair of measurement
locations. Three fault modes (Ny =3), denoted as F', F?, and F?>
and correspondingto changes in the local stiffness characteristicsat
a point lying, respectively, anywhere in the first, second, and third
span of the beam, are considered.

Faultidentification is based on measurements of the exerted force
and resulting vibration displacement at the midpoint of the central
span, as obtained by a load cell and a proximity probe, respectively
(Fig. 1). The two signals are driven through analog antialias filters
(cutofffrequency at 400 Hz) and subsequentlyare digitizedat 1 kHz.

Based on 1500-sample-long data records, the system dynamics
are modeled by an estimated stochastic ARMAX (6, 5, 3) (autore-
gressivemoving average with exogenousinput) model of the form!?

ia[.y[;_i]zib[~F[t—i]+ic[-w[l—i]

i=0 i=1 i=0

with ay =cy =1, y[t] representingthe vibration displacement, F[¢]
the exerted force signal, w([f] a zero-mean and uncorrelated noise-
generating stochastic sequence, and a;, b;, ¢; the ith autoregressive
(AR), exogenous (X), and moving average (MA) parameter, re-
spectively. The vibration displacement y[f] and exerted force F[¢]
signals are measured, whereas the noise-generating stochastic se-
quence w(t] is not. The latter, along with the AR, X, and MA param-
eters and their covariance matrix, are estimated through appropriate
stochastic estimation techniques (the interested reader should see
Refs. 13 and 14 for procedures and details).

The foregoing ARMAX model attempts to account for both the
structural and noise dynamics, although (for purposes of model
simplicity) only three of the four structural modes present in the
0- to 400-Hz frequency range are represented. [As already men-
tioned, one of the strengths of the method is its ability to operate on
reduced-ordersystem representations,a feature becoming quite im-
portantwhen dealing with structures characterizedby large numbers
of degrees of freedom (DOF).] The original feature vector @ consists
of the model’s autoregressive (AR) and exogenous (X) parameters
(with dimensionality of N = 11); that is,

. T
0=|:L11 ag . b1 bj]

Interval estimates of 6, obtained via identification techniques op-
erating upon data corresponding to faults realized at various points
of each span during training, are transformed according to Eqgs. (6)
and (7), with the covariance matrix P selected as either Pye or Pgav
(Sec. III.A). Transformed feature vector dimensionality selection is
based on the logarithmic entropy function, a normalized version of
which is compared with the transformed feature vector dimension,
for the various feature vectors, in Fig. 2 (P = Pgw). Applying the
criterion of expression (18) with § = 0.970, a reduced feature vector
sy of dimensionality M =9 is selected. Following the selection of
O as

. T
0K=|:M“ R T crfl crw]

Table 1 Fault identification results for simply supported beam?®

Stochastic distance from hyperplane®

Faults Test case F! F? F3

F! (span 1) 1 2.7733e—01  4.4287e—01 1.9341e—00
2 1.1813e—01 1.4202e—00 1.5859e—00
3 3.3341e-01 1.2078e—00 1.6386e—00
4 5.5534e—01  7.6988e—01 1.9670e—00
5 1.1079e—00  1.9402e—00 1.8091e—00
6 2.7344e—01  3.8364e—01 2.0165e—00

F? (span 2) 7 3.5566e—00  3.4436e—01 1.6562e—00
8 2.0700e—00  1.0308e—01 4.2317e—01
9 3.8165¢e—00 5.6934e—02 4.1950e—01
10 2.3498e—00  7.5420e—02 5.6329e—01
11 4.4883e—00  8.6493e—02 4.2183e—01
12 2.2013e—00 1.0751e—02 5.1501e—01

F3 (span 3) 13 2.5372e—00  7.7870e—02 3.3583e—02
14 1.5444e—00  6.8563e—02*  7.6861e—02
15 1.2513e—00  8.0988e—02 6.5441e—02
16 1.0696e—00  4.2530e—01 5.2299e-02
17 4.1148e—01  4.2383e—02*  7.4034e—02
18 2.6294e—00 4.7392e—01 1.6920e—01

4Information-based reduced-dimensionality geometric approach using the stochastic
metric space.

bMinimal distance in each case is indicated in boldface; misclassification errors are
marked with an asterisk.

8

ENTROPY PERCENT
3

i 2 3 4 5 6 7 8 9 10 1
FEATURE VECTOR DIMENSION

Fig.2 Normalized logarithmicentropy of transformed feature vectors
vs vector dimension (simply supported beam).

(dimensionality p = 18) in the stochastic metric space case, the F'
F?,and F? fault mode hyperplanesare constructedaccording to the
procedureof Sec. III.C. The ith fault mode hyperplaneis thus of the
form

8 (Ox) = Ok, + 00k, + - + 0,0k, — iy =0

Selected intersections of the first two hyperplanes (F!, F?) are
depictedin Fig. 3 (the crossesindicate faults used in training), from
which the linearity (hyperplane) approximation seems to work ad-
equately for fault mode representation.

2. Results and Discussion

Eighteen test cases, the first six (1-6) corresponding to faults
belongingto faultmode F! (springatkL /24 withk=1,2,3,5,6,7
and L denotingthe lengthof thebeam betweenthe leftand rightrigid
supports), the next six (7-12) corresponding to faults belonging to
fault mode F? (spring at kL /24 withk =9, 10, 11, 13, 14, 15), and
the last six (13-18) correspondingto faults belonging to fault mode
F3(springatk L /24 withk =17, 18, 19, 21, 22, 23), are considered.
Note that none of these fault locations were used in the hyperplane
construction (training) stage.

Fault identification results with the reduced-dimensionalty geo-
metric approach, using the transformed stochastic metric space, are
presented in Table 1. In each test case the distances of the current
(unknown fault) point to the fault mode hyperplanes are presented.
Despite the difficulties of this particular setup and the use of a sin-
gle transfer function model, the results are very satisfactory, with
only two misclassification errors (test cases 14 and 17) encountered
(compared to one in the original geometric approach!?). As in the
original case, a deterioration is observed when the deterministic
metric space is used; in that case, four misclassification errors are
encountered(comparedto five in the original geometricapproach!?).
This underscoresthe importance of using the stochasticmetric space
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Table 2 Fault identification results for planar truss structure?

Stochastic distance from hyperplane®

Faults Test case F! F? F3 F*

F! (element 5) 1 1.7926e—03 1.3414e+03 1.9375e+03 2.8655e+01
2 2.3355e—-02 7.3055e+02 1.0528e+03 1.6189¢+01
3 2.1655¢—03 3.4382e+02 4.9451e+02 6.8569e+00
4 4.8316e—03 7.3410e+01 1.0505e+-02 8.3727e—01

F? (element 6) 5 3.4969e+01 2.4534e—02 2.3671e+00 1.0011e+02
6 7.7075e+01 1.3862e+00 8.8906e+00 1.1964e+02
7 3.7926e+-00 9.5782e—02 1.8827e+4-00 4.5451e+01
8 8.0461e—01 4.3134e—02 5.0313e—02 6.0540e+00

F3 (element 7) 9 3.9609e+01 1.6177e+00 3.2396e—01 1.2087e+02
10 6.8187e4+01 2.8488e+00 1.1327e—01 6.3781e4+01
11 1.9624e—01 2.8949e—01 1.9723e—02 2.6046e+01
12 8.2346e—01 2.6831e—02* 3.3711e—02 5.9441e+400

F* (element 8) 13 7.6453e+00 1.0286e+02 3.4041e+02 2.8001e+00
14 2.2538e+01 3.0629e+02 4.6158e+02 2.2996e+00
15 3.8171e+00 1.5643e+-02 2.2471e402 1.8567e+00
16 1.7780e+00 4.5139e+01 6.4849e+01 2.5259e—-01

4Information-based reduced-dimensionality geometric approach using the stochastic metric space.
bMinimal distance in each case is indicated in boldface; misclassification errors are marked with an asterisk.
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Fig. 3 Selected intersections of a) F! and b) F? hyperplanes (simply
supported beam).

in conjunction with systems characterizedby nonnegligiblerandom
effects.

B. Fault Identification in a Truss Structure
1. Structure and Preliminary Procedures

The planar truss structure consists of 16 components (steel bars)
connected at 10 joints (Fig. 4). The length of elements 1-8, 10,
12, 14, and 16 is L =5 x 107! m, whereas that of elements 9,
11, 13, and 15 is L =54/2 x 107! m. Their cross-sectional area
is A =4 x 10~* m?, their specific mass is p =7860kg/m’, and their

-
-
~
»

3 3 4 4 5

X F

Fig. 4 Schematic diagram of the planar truss structure.!?

modulus of elasticityis £ = 200 GPa. The structureis modeled by a
16-DOF finite element model. The structural damping consideredis
of the proportional type, with the damping matrix being 2% of that
of the stiffness. The vibration response is computed by integrating
the equations of motion using the Newmark integration method'®
(integration step of 0.001 s).

The faults considered are deviations of the local stiffness charac-
teristics (modulus of elasticity) of the various structuralcomponents
(bars). The objectiveof the experimentsis faultidentification, thatis,
the determinationof the particular component (bar) in which a fault
occursbased on vibrationtest data. Four fault modes are considered:
Fault mode F! consists of the faults of all possible magnitudes oc-
curringin element 5, F? of those occurringin element 6, F* of those
occurring in element 7, and F* of those occurring in element 8.

As in the beam case, fault identification is based on measurement
of the stochastic (zero-mean and uncorrelated) force excitation ap-
plied at joint 5 and the resulting vibration displacement at joint 3
(both along the vertical x direction).

The use of model order determination and parameter esti-
mation techniques'>*'* in conjunction with the ARMAX model
form and 1500-sample-long data records, leads to an ARX (6, 5)
representation'’:

6

5
D aiylt—il=Y b F[t —i]+ wt]

i=0 i=1

with ay = 1. The original feature vector @ consists of the model’s
autoregressive(AR) and exogenous (X) parameters, with its dimen-
sionality being N =11.

Interval estimates of 6, obtained via identification techniques op-
erating upon data correspondingto faults of various magnitudes for
eachbar, are transformedaccordingto Eqs. (6) and (7). Transformed
feature vector dimensionality selection is based on the logarithmic
entropy function, a normalized version of which, for the various
feature vectors, is presented in Fig. 5 (P = Pg). Applying the cri-
terion of expression (18) with § =0.970, a reduced feature vector
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Fig.5 Normalized logarithmicentropy of the transformed feature vec-
tors versus vector dimension (planar truss structure).

dimensionality of M = 8 is selected. Following the selection of
(of dimensionality p = 16 in the stochastic metric space), the F'-F*
fault mode hyperplanes are constructed.

2. Results and Discussion

Sixteen test cases, divided into four groups, with each group cor-
respondingto each one of the consideredfault modes, are examined.
As in the beam experiment, none of the considered fault magnitudes
was used in the hyperplane construction stage.

Fault identification results with the reduced-dimensionalty geo-
metric approach using the transformed stochastic metric space, are
presentedin Table 2. In eachtestcase the distancesof the current (un-
known fault) point to the fault mode hyperplanesare presented. The
results are very satisfactory, with only one misclassification error
(test case 12) encountered,a performance that is exactly equivalent
to that of the original geometric approach.!?

V. Conclusions

An information-basedreduced-dimensionality formulationof the
geometric fault identification approachis introduced. According to
this formulation, the feature vectoris transformedinto a suitable co-
ordinate system, within which information compression, and thus
feature vector truncation, may be best achieved. Feature vector di-
mensionality selectionis based on bounding of the informationloss,
expressedin terms of logarithmicentropy, below a certain threshold.
The information-based reduced-dimensionality formulation offers
a formal and systematic procedure for the proper selection of a
minimal dimensionality feature vector and a corresponding feature
space, thus achieving two important goals: 1) substantial simplifi-
cation of the fault identification procedure, and 2) potentially im-
proved fault identification performance over arbitrarily truncated
feature vectors.

The performance characteristics of the approach were demon-
strated via faultidentificationin a laboratory-scalesimply supported
beam and a finite element model of a planar truss structure. In both
cases the reduced-dimensionalty (M =9 and M = 8 for the beam
and truss, respectively, as opposed to original dimensionalities of
N = 11) formulation performed essentially equivalentlyto the orig-
inal, full-dimensionality version.
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